Let us now move one dimension up and consider two dimensional discrete dynamical systems of the form {f , U }, where now f : U → U and U ⊆ R 2 . In coordinates we have x 1 (t + 1) = f 1 ( x 1 (t), x 2 (t) ) ,
x 2 (t + 1) = f 2 ( x 1 (t), x 2 (t) ) ,
Proof of this proposition is left as an exercise. Now we just need to find t-th powers of Jordan normal forms.
For J 1 it is immediate that
, and recall that µ 1 and µ 2 are real eigenvalues of A (recall that they also called the multipliers of A). For J 2 a simple induction argument shows that
and here µ is the only eigenvalue of A multiplicity 2 and A is different from the scalar matrix µI. For J 3 , where A has two complex eigenvalues µ 1,2 = α ± iβ, note that
for some 0 ≤ θ < 2π. From this representation we have that multiplication by J 3 rotates a point around the origin by the angle θ and multiply the distance by √ α 2 + β 2 , therefore
Example 2 (Fibonacci numbers). As an example, consider the Fibonacci numbers, defined as
with the initial conditions n 0 = 0, n 1 = 1. Reformulate this problem as a two-dimensional discrete system (I use x 1 (t) = n t and x 2 (t) = n t−1 )
with the initial condition x 1 (1) = 1, x 2 (1) = 0. In this example we have
and the general solution is given by
Eigenvalues of A are µ 1,2 = 1± √ 5 2 and the corresponding eigenvectors are ((1 + √ 5)/2, 1) ⊤ and ((1 − √ 5)/2, 1) ⊤ , therefore, we have
, which implies
and after some algebra yields
for the t-th Fibonacci number. Since |1 − √ 5|/2 is less than 1, therefore, for sufficiently large t
i.e., the ratio of two consequent Fibonacci numbers is approximately equal to the golden ratio (recall that two positive quantities are in golden ratio if the ratio of their sum to the bigger quantity is equal to the ratio of the bigger quantity to the smaller one, deduce from here that φ = (1 + √ 5)/2). For the following it is natural to call matrix A hyperbolic if it does not have eigenvalues with the absolute value equal to 1. Hyperbolicity is a generic property in the sense that almost all the matrices are hyperbolic.
Similarly to the case with the differential equations, the linearization of a nonlinear system around a fixed point can be used to infer the stability properties, given that the Jacobi matrix Df (x) is hyperbolic. Formally, 
